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ABSTRACT
It has been often observed that Ka¨hler geometry is essentially a U(1) gauge theory whose field
strength is identified with the Ka¨hler form. However it has been pursued neither seriously nor deeply.
We argue that this remarkable connection between the Ka¨hler geometry and U(1) gauge theory is a
missing corner in our understanding of quantum gravity. We show that the Ka¨hler geometry can be
described by a U(1) gauge theory on a symplectic manifold with a slight generalization. We derive
a natural Poisson algebra associated with the Ka¨hler geometry we have started with. The quantiza-
tion of the underlying Poisson algebra leads to a noncommutative U(1) gauge theory which arguably
describes a quantized Ka¨hler geometry. The Hilbert space representation of quantized Ka¨hler geom-
etry eventually ends in a zero-dimensional matrix model. We then play with the zero-dimensional
matrix model to examine how to recover our starting point–Ka¨hler geometry–from the background-
independent formulation. The round-trip journey suggests many remarkable pictures for quantum
gravity that will open a new perspective to resolve the notorious problems in theoretical physics such
as the cosmological constant problem, hierarchy problem, dark energy, dark matter and cosmic infla-
tion. We also discuss how time emerges to generate a Lorentzian spacetime in the context of emergent
gravity.
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1 Introduction
The concept of emergent gravity and spacetime recently activated by the AdS/CFT correspondence
advocates that spacetime is not a fundamental entity existed from the beginning but an emergent
property from something much deeper [1, 2]. However, the “emergence” here means the emergence
not just of the gravitational field but of the spacetime on which the gravitational field propagates.
Any emergent theory of gravity should have this property, since an essential part of gravity is that
spacetime is free to fluctuate and cannot be built in from the beginning. Thus, in order to realize the
concept of emergent spacetime, the spacetime must be replaced by a primal monad such as matrices
and it has to be derived in some limit from the deeper structure. If the spacetime we experience
is emergent from something deeper, the particles and fields in it should be all emergent too from
the same structure because they are some structures supported on the spacetime. This implies that
emergent spacetime also enforces emergent quantum mechanics. In other words, emergent spacetime
requires to unify geometry and matter so that spacetime and matter are emergent together from a
universal structure in microscopic level.
The important question is then what is the universal structure in microscopic level to realize emer-
gent spacetime as well as emergent quantum mechanics. Of course, the universal structure must be
the crux for quantum gravity. Recall that quantum mechanics has already shown us such a radical
change in physics [3]. Quantummechanics is the formulation of mechanics on noncommutative (NC)
phase space whose coordinate generators satisfy the commutation relation given by
[xi, pj] = i~δij . (1.1)
Since its advent, quantum mechanics constantly teaches us that ~ is not a word. We are still debating
on the quantum reality. In this sense, we may be ready to accept such a revolutionary change from
quantum gravity. Hence the novel idea such as emergent spacetime just made must not be hindered
by too restricted concepts, and the progress in comprehending the connection of things should not be
obstructed by traditional prejudices.
Quantum mechanics defines a more fundamental principle and general framework than classical
mechanics, so the latter is derived (or emergent) from the former in a limit ~ → 0. Similarly, quan-
tum gravity is expected to define a more fundamental principle and general framework than general
relativity, so the latter may be derived (or emergent) from the former in a limit G→ 0. Here G is the
gravitational constant which specifies a certain scale lP =
√
G~
c3
= 10−33 cm where quantum gravity
becomes important. A natural reasoning is thus that the universal structure for quantum gravity would
be related to a new physics appearing whenG plays a crucial role. The dimensional argument implies
that spacetime at the Planck length lP is no longer commuting, instead spacetime coordinates obey
the commutation relation [4]
[yµ, yν] = iθµν . (1.2)
The Heisenberg algebra generated by the coordinate generators yµ (µ = 1, · · · , 2n) will be denoted
by R2nθ and the NC algebra defined on R
2n
θ by Aθ. To be specific, let us take the 2n× 2n symplectic
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matrix θµν as the form
θµν = α′

ε 0 . . . 0
0 ε . . . 0
...
...
. . .
...
0 0 . . . ε
 (1.3)
where α′ ≡ l2s is a fundamental constant with the physical dimension of (length)2 and ε = iσ2 is
the 2 × 2 symplectic matrix. Given a polarization like (1.3), it is convenient to split the coordinate
generators as yµ = (y2i−1, y2i), i = 1, · · · , n, and rename them as y2i−1 ≡ xi and y2i ≡ α′
~
pi. We
have intentionally introduced the Planck constant ~. Note that [y2i] carries the physical dimension of
length, as it should be, if pi is a momentum. Then the commutation relation (1.2) can be written as the
form (1.1). Therefore we can apply the Heisenberg uncertainty principle to the commutation relation
(1.1) which leads to
∆xi∆pj ≥ ~
2
δij. (1.4)
If we use the original variables yµ = (y2i−1, y2i), the above uncertainty relation reads as
∆y2i−1∆y2j ≥ α
′
2
δij. (1.5)
A trivial but allusive fact is that the mathematical structure of NC space is the same as quantum
mechanics. Thus one may regard the physics on the NC space (1.2) as a ‘quantum mechanics’ defined
by α′ instead of ~ [5]. This is the reason why one should not consider the NC space R2nθ as a classical
space. Indeed we can learn every important lessons from quantum mechanics [3]:
A. NC space R2nθ introduces a separable Hilbert space H and dynamical variables in Aθ become
operators acting on the Hilbert spaceH.
B. NC algebra Aθ admits a nontrivial inner automorphism given by
f̂(y + d) = Uf̂(y)U−1 (1.6)
for f̂(y) ∈ Aθ and U = exp(iyµθ−1µν dν). This implies that every points in the NC space R2nθ are
unitarily equivalent. Thus the concept of classical space(time) is doomed and the space(time) is
replaced by a quantum algebra (H,Aθ). A classical spacetime is derived (or emergent) from the
quantum algebra in a specific limit.
C. A dynamical field becomes a linear operator acting on the Hilbert space H and any linear
operator is represented by a matrix. The matrix representing the product of two linear operators is the
product of the matrices representing the two factors. This means that a theory of dynamical fields on
R2nθ eventually reduces to a matrix model.
The lessons (A,B,C) are enough to draw the conclusion that NC spacetime necessarily implies
emergent spacetime if spacetime at microscopic scales should be viewed as NC [6, 7]. It is striking
to see how quantum mechanics provides us the underlying idea that the spacetime we live in and all
the particles and forces in it must be emergent in a consistent way with the modern understanding
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of quantum gravity. It turns out [7, 8] that the emergent spacetime is a new fundamental paradigm
that allows a background-independent formulation of quantum gravity and opens a new perspective
to resolve the notorious problems in theoretical physics such as the cosmological constant problem,
hierarchy problem, dark energy, and dark matter. Furthermore, the emergent spacetime picture admits
a background-independent description of the inflationary universe which has a sufficiently elegant and
explanatory power to defend the integrity of physics against the multiverse hypothesis [9, 10].
Moreover emergent spacetime seems to be much more radical than quantum mechanics for the
following reason. The scales where the NC (or quantum) effect becomes significant are dramatically
different for the NC space and quantum mechanics. Since the noncommutativity of spacetime is set
by the fundamental constant α′ = l2s , it is natural to consider the length scale as the Planck length,
i.e. ls = 10
−35m. ls is much more smaller than the scale for quantum mechanics, typically the Bohr
radius rB = 5.3 × 10−11m. The Bohr radius corresponds to the size of superclusters (∼ 1024m)
in our Universe to an observer who appreciates the NC effect (1.5) occurring in the NC space R2nθ .
So far, the smallest distance accessible in experiments on Earth is about 10−20m at the LHC. Even
this scale amounts to the remote boundary, the Oort Cloud, of the Solar system to the Planckian
observer. Hence the quantum mechanics represented by the NC phase space (1.1) rather behaves like
a “classical system” to an observer near the Planck scale. Hence it may be reasonable to consider
quantum mechanics as equally emergent from a primal monad underlying the emergent spacetime.
The NC space (1.2) is arguably such a primal monad since it is a primitive vacuum algebra responsible
for the generation of space and time.
The space uncertainty relation (1.5) implies the UV/IR mixing that small scale (UV) fluctuations
are paired with large scale (IR) fluctuations. Although the UV/IR mixing was derived in [11] from
quantum loops controlled by ~, it is obvious from the uncertainty relation (1.5) that the UV/IR mixing
should exist even without considering quantum mechanics, i.e. ~-effects, since the NC space (1.2)
can be written as the form (1.1). Therefore it is necessary to take the uncertainty relation (1.5) into
account as a primary effect when we consider the physics on the NC space (1.2).
This paper is organized as follows. In section 2, we explain howKa¨hler geometry can be described
by a U(1) gauge theory on a symplectic manifold and derive a natural Poisson algebra associated with
the Ka¨hler geometry we have started with. In section 3, we quantize the underlying Poisson algebra
to get a NC U(1) gauge theory which arguably describes a quantized Ka¨hler geometry. The Hilbert
space representation of quantized Ka¨hler geometry results in a zero-dimensional matrix model. Hence
we support the conjecture in [12] that NC U(1) gauge theory is the fundamental description of Ka¨hler
gravity at all scales including the Planck scale and provides a quantum gravity description such as
quantum gravitational foams. The duality in [12] has been further clarified in [13] by showing that it
follows from the S-duality of the type IIB superstring. In section 4, we play with the zero-dimensional
matrix model to examine how to recover our starting point–Ka¨hler geometry–from the background-
independent formulation. The round-trip journey suggests many remarkable pictures for quantum
gravity that would be significant to resolve the notorious problems in theoretical physics. Section 5 is
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devoted to several generalizations going beyond Ka¨hler manifolds. In particular, we discuss how time
emerges to generate Lorentzian manifolds as a dynamical spacetime in general relativity and argue
that the quantization of Lorentzian manifolds is described by the BFSS-type matrix model [6, 9, 14].
We hope that this review contributes to uncovering the dormant picture on the remarkable con-
nection between the Ka¨hler geometry and U(1) gauge theory, and sheds light on a missing corner in
our understanding of quantum gravity.
2 Ka¨hler Geometry and U(1) Gauge Theory
LetM be an n-dimensional complex manifold with a Hermitian metric. This means that the metric g
has only (1, 1)-type for a given complex structure, in which (2, 0)- and (0, 2)-types are projected out.
In terms of local complex coordinates, zi = y2i−1+
√−1y2i, z i¯ = y2i−1−√−1y2i, (i, i¯ = 1, · · · , n),
the metric onM is given by
ds2 = gij¯(z, z)dz
idzj¯ . (2.1)
Given the Hermitian metric (2.1), one can introduce a fundamental two-form defined by
Ω =
√−1gij¯(z, z)dzi ∧ dzj¯ . (2.2)
A Ka¨hler manifold is then defined as a Hermitian manifold with the closed fundamental two-form,
i.e., dΩ = 0 [15]. The Ka¨hler condition is equivalent to the local existence of some function K(z, z)
such that
gij¯(z, z) =
∂2K(z, z)
∂zi∂z j¯
. (2.3)
The function K(z, z) is called Ka¨hler potential. The Ka¨hler potential is not unique but admits a
Ka¨hler transformation given by
K(z, z)→ K(z, z) + f(z) + f(z) (2.4)
where f(z) and f(z) are arbitrary holomorphic and anti-holomorphic functions. Two Ka¨hler poten-
tials related by the Ka¨hler gauge transformation (2.4) give rise to the same Ka¨hler metric (2.3). Note
that the Ka¨hler form (2.2) can be written as
Ω = dA and A =
√−1
2
(∂ − ∂)K(z, z) (2.5)
where the exterior differential operator is given by d = ∂ + ∂ with ∂ = dzi ∂
∂zi
and ∂ = dz i¯ ∂
∂zi¯
.
Then the above Ka¨hler transformation (2.4) corresponds to a gauge transformation for the one-form
A given by
A → A+ dλ (2.6)
where λ =
√−1
2
(
f(z)− f(z)). This implies that the one-form A corresponds to U(1) gauge fields.
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The Ka¨hler form Ω on a Ka¨hler manifoldM is a nondegenerate, closed two-form. Therefore the
Ka¨hler form Ω is a symplectic two-form. This means that a Ka¨hler manifold (M,Ω) is a symplectic
manifold too although the reverse is not necessarily true. Let us consider an atlas {(Uα, ϕα)|α ∈ I}
on the Ka¨hler manifoldM and denote the Ka¨hler form Ω restricted on a chart (Uα, ϕα) as Fα ≡ Ω|Uα .
It is possible to write the local Ka¨hler form as1
Fα = B + Fα, (2.7)
whereB is the Ka¨hler form of Cn. Since the two-form Fα must be closed due to the Ka¨hler condition,
it can be represented by Fα = dAα. Using Eq. (2.5) and Fα = Fα − B, the one-form Aα on Uα can
be written as the form
Aα =
√−1
2
(∂ − ∂)φα(z, z) (2.8)
where φα(z, z) = Kα(z, z) − K0(z, z) and Kα(z, z) is the Ka¨hler potential on a local chart Uα and
K0(z, z) = z
iz i¯ is the Ka¨hler potential of Cn. On an overlap Uα
⋂
Uβ , two one-forms Aα and Aβ can
be glued using the freedom (2.6) such that
Aβ = Aα + dλαβ (2.9)
where λαβ(z, z) is a smooth function on the overlap Uα
⋂
Uβ . The gluing (2.9) on Uα
⋂
Uβ is equal
to the Ka¨hler transformation
Kβ(z, z) = Kα(z, z) + fαβ(z) + fαβ(z) (2.10)
if λαβ(z, z) =
√−1
2
(
fαβ(z)− fαβ(z)
)
.
These aspects of Ka¨hler geometry we have described so far imply that Ka¨hler gravity can be
described by a U(1) gauge theory in which the one-form (2.8) plays a role of the connection of a
holomorphic line bundle L. We will show that the connection between the Ka¨hler gravity and a U(1)
gauge theory is remarkably true with a slight generalization [17]. However, this observation is not
new. Iqbal et al. have come to a notice in a beautiful paper [12] that Ka¨hler gravity is essentially
described by a U(1) gauge theory. They conclude that, for topological strings probing Ka¨hler man-
ifolds, the U(1) gauge theory is the fundamental description of gravity at all scales including the
Planck scale, where it leads to quantum gravitational foams.
Now we will explain why a Ka¨hler geometry can be formulated in terms of a U(1) gauge theory
on a symplectic manifold. In this scheme, the Ka¨hler geometry will be derived from the U(1) gauge
theory. Suppose that (N,B) be a 2n-dimensional symplectic manifold where B is a symplectic two-
form, i.e., a nondegenerate and closed two-form on N . We emphasize that the manifold N differs
1The Ka¨hler condition enforces a specific analytic characterization of Ka¨hler metrics [16]. For a Hermitian metric g
on a complex manifold (M,J), g is Ka¨hler if and only if around each point of M , there exist holomorphic coordinates
in which g osculates to order 2 to the Euclidean metric on Cn. This means that the existence of normal holomorphic
coordinates around each point ofM is equivalent to that of Ka¨hler metrics.
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from the Ka¨hler manifold M even topologically since N would suffer from a topology change after
the resolution of U(1) instanton singularities. For instance, N = Cn for a non-compact Ka¨hler
manifold. Let us consider a line bundle L over N whose connection and curvature are denoted by
A and F = dA, respectively. Our purpose to introduce a line bundle L over a symplectic manifold
(N,B) is to realize the Ka¨hler gravity in terms of aU(1) gauge theory. For this purpose, the concept of
the line bundle L→ N needs to be generalized in the following way. First, we need to incorporate the
structure (2.7) into the line bundle L. This can be achieved by introducing the so-called Λ-symmetry
or B-field transformation in string theory [18]. The B-field transformation acts on the symplectic
two-form B as well as the connection A of line bundle as follows:
(B,A)→ (B − dΛ, A+ Λ), (2.11)
where the gauge parameter Λ is a one-form in N . Note that (B,A)→ (B,A + dλ) if Λ = dλ. Thus
the ordinary U(1) gauge symmetry is a particular case of the Λ-symmetry generated by an exact one-
form. Then the gauge invariant under the B-field transformation is F = B + F which was already
appeared in Eq. (2.7) as a local Ka¨hler form. One who is familiar with string theory may recognize
the Λ-symmetry (2.11) since it is realized in the open string action given by
S =
1
4πα′
∫
Σ
|dX|2 +
∫
Σ
B +
∫
∂Σ
A (2.12)
whereX : Σ→ N is a map from an open string worldsheet Σ to an ambient spaceN . The open string
action (2.12) is definitely invariant under the B-field transformation (2.11). As a result, low-energy
effective theories on N derived from the open string action (2.12) such as DBI actions depend only
on the gauge-invariant combination F = B + F . The other generalization is that we need to allow
singular U(1) gauge fields onN in order to realize the Ka¨hler gravity in terms of a U(1) gauge theory
since the singularity of U(1) instantons on the commutative space N is resolved as we will see later.
To admit such a singular gauge field, we need to relax the notion of the line bundle L. The natural
replacement for the holomorphic line bundle L is the rank one torsion free sheaf with the same first
Chern class or an ideal sheaf [12, 19]. Note that torsion free sheaves fail to be a line bundle in real
codimension four. We will assume the generalization of the line bundle by allowing singular U(1)
gauge fields at finite number of points and on higher-dimensional cycles.
Note that Fα = B + Fα in (2.7) is a Ka¨hler form on a local patch Uα ⊂ M . Thus it is related to
a local metric gα on Uα by the relation gα(X, Y ) = Fα(X, JY ) for any vector fields X, Y ∈ Γ(TM)
where J is a complex structure on M . Since B is the Ka¨hler form of Cn, the local metric can be
written as (gα)ij¯ = δij¯ + (hα)ij¯ where hα(X, Y ) = Fα(X, JY ) describes the local deformations of a
background space, Cn in our case. The local complex structure J on Uα ⊂ M is inherited from the
local symplectic structure and it is determined by
B(X, JY ) = δ(X, Y ) ⇒ BµλJλν = δµν , for X, Y ∈ Γ(TUα), (2.13)
where δµν is the flat metric on C
n. Now we identify the Ka¨hler form Fα = B + Fα in (2.7) with
a line bundle L over a symplectic manifold (N,B) which respects the Λ-symmetry (2.11). The
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curving of a background space is now described by local fluctuations of U(1) gauge fields in the line
bundle L → N . Thus the dynamical U(1) gauge fields defined on a symplectic manifold (N,B)
manifest themselves as local deformations of the symplectic or Ka¨hler structure and they correspond
to gravitational fields on a background space according to hα(X, Y ) = Fα(X, JY ). In this sense, the
underlying symplectic manifold is a dynamical system and locally described by (N =
⋃
α Uα,Fα =
B + Fα).
2 An original Ka¨hler geometry results in the dynamics of U(1) gauge fields. The dynamical
system is constructed locally on each local chart (Uα, ϕα) and the local construction can be glued
using the gauge degrees of freedom (2.9) or (2.10). In this way Ka¨hler gravity has a description
in terms of U(1) gauge theory. So the Ka¨hler geometry is essentially understood as a dynamical
symplectic manifold which carries an intrinsic Poisson structure θ ≡ B−1 ∈ Γ(Λ2TN) derived from
the underlying symplectic structureB. We take the Poisson tensor θµν = α′(In⊗ iσ2) as the matrix in
(1.3). We have introduced a constant parameter α′ ≡ l2s carrying the physical dimension of (length)2
which will characterize the fundamental length scale of NC spaces after quantization. One may try
to quantize the dynamical symplectic manifold in the exactly same way as quantum mechanics. We
will show that the quantization of the dynamical symplectic manifold leads to a dynamical NC space
which is described by NC U(1) gauge theory [6]. In the end we will derive the conclusion from the
quantization that the quantized Ka¨hler geometry is described by NCU(1) gauge theory, as conjectured
in [12].
If Ka¨hler gravity can be modeled by a U(1) gauge theory on a symplectic manifold, it is necessary
for the U(1) gauge theory to realize the equivalence principle and diffeomorphism symmetry, which
are arguably the most important properties in the theory of general relativity. At first sight, it seems
to be impossible. Let us explain why the U(1) gauge theory on a symplectic manifold is radically
different from the usual Maxwell’s electromagnetism. First, note that the Λ-symmetry (2.11) is pos-
sible only when B 6= 0. Eq. (2.12) clearly shows that the Λ-symmetry is reduced to the ordinary
U(1) gauge symmetry, A → A + dλ, if B = 0. Therefore the gauge symmetry is rather greatly
enhanced whenever the base space supports a symplectic structure [20]. Moreover, the underlying
symplectic structure provides a bundle isomorphism B : TN → T ∗N defined by X 7→ A = ιXB
for X ∈ Γ(TN) and A ∈ Γ(T ∗N) where ιX is the interior product of vector field X . Since we want
to identify the one-form A with the connection of line bundle L → N , we introduce the equivalence
relation given by
X ∼ X ′ = X +Xλ (2.14)
whereXλ is a Hamiltonian vector field defined by ιXλB = dλ. Then the field strength of U(1) gauge
fields is given by F = dA = dιXB = (dιX + ιXd)B = LXB where LX is the Lie derivative with
respect to vector field X . Note that F = LXB = LX′B as it should be. Consequently the dynamical
2Here the dynamics simply refers to local fluctuations around a background configuration. We will discuss later how
the dynamical time evolution of the system can be defined through local deformations.
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symplectic two-form F is locally represented by
F = B + F = (1 + LX)B ≈ eLXB. (2.15)
Note that vector fields are Lie algebra generators of diffeomorphisms on N . Therefore eLX in Eq.
(2.15) is equal to some finite coordinate transformation generated by the vector field X on a local
coordinate patch Uα which is denoted by ϕα ∈ Diff(Uα). Then Eq. (2.15) implies that the elec-
tromagnetic fields can always be eliminated by a local coordinate transformation. To be specific, in
terms of local coordinates represented by ϕα : y
µ 7→ xa = xa(y), µ, a = 1, · · · , 2n, Eq. (2.15)
means that ϕ∗α(B + F ) = B, i.e., [21](
Bab + Fab(x)
)∂xa
∂yµ
∂xb
∂yν
= Bµν . (2.16)
Actually this statement is known as the Darboux theorem or Moser lemma in symplectic geometry
[22].
Let us clarify why the Darboux theorem or Moser lemma in symplectic geometry explains the
equivalence principle in general relativity. As we discussed above, the local Ka¨hler form in Eq.
(2.15) corresponds to a local Ka¨hler metric gµν(x) = δµν + hµν(x), so Eq. (2.15) or (2.16) is equiva-
lently stated as ϕ∗α
(
gµν) = δµν . Note that the local complex structure in Eq. (2.13) can be written as
Jµν = ε
µλδλν where ε
µν = θ
µν
α′
. Therefore the Darboux theorem orMoser lemma in symplectic geom-
etry corresponds to the equivalence principle in general relativity. However it should be remarked that
there is a crucial difference between symplectic geometry and general relativity. The Darboux theo-
rem holds on an entire open neighborhood Uα ⊂ N [22] whereas the equivalence principle in general
relativity holds only on an infinitesimal neighborhood of a point in N . In other words, the equiva-
lence principle in general relativity may be regarded as the infinitesimal limit of the Darboux theorem
or Moser lemma in symplectic geometry. In addition, the bundle isomorphism B : TN → T ∗N
implies that the Λ-symmetry (2.11) is isomorphic to diffeomorphism symmetry Diff(N). Indeed this
isomorphism is known as β-diffeomorphism in generalized geometry [23]. The important point is
that the B-field transformation (2.11) is also involved with dynamical U(1) gauge fields, so it can
be promoted to dynamical diffeomorphisms, a.k.a. the equivalence principle in general relativity as
we have illuminated above. This is the reason why the Ka¨hler geometry can be described by a U(1)
gauge theory as prudentially claimed in [12].
Suppose that the coordinate transformation in Eq. (2.16) takes the form
ϕα : y
µ 7→ xa(y) = ya + θabab(y) = θab
(
pb + ab(y)
) ≡ θabφb(y) (2.17)
where pa = Baby
b. Let us introduce the Poisson bracket defined by the Poisson tensor θ = B−1 ∈
Γ(Λ2TN) as
{f, g}θ = θ(df, dg) or {f, g}θ = θµν ∂f(y)
∂yµ
∂g(y)
∂yν
(2.18)
8
for any smooth functions f, g ∈ C∞(N). Then one can calculate the following Poisson brackets
{yµ, yν}θ = θµν , (2.19)
{pµ, f(y)}θ = ∂f(y)
∂yµ
= ∂µf(y), (2.20)
{φµ(y), φν(y)}θ = −Bµν + ∂µaν(y)− ∂νaµ(y) + {aµ(y), aν(y)}θ ≡ −Bµν + fµν(y), (2.21)
for a smooth function f(y) ∈ C∞(N) and “covariant momenta” φµ(y), φν(y) ∈ C∞(N) in Eq.
(2.17). Therefore we have derived a Poisson algebra P = (C∞(N), {−,−}θ) associated with a
Ka¨hler geometry we have started with. Since we have introduced the equivalence relation (2.14), the
coordinate transformations generated by two vector fields in (2.14) must be on the same gauge orbit,
i.e., φµ ∼ φ′µ = φµ + δλφµ, where δλφµ = Xλ(φµ) = {φµ(y), λ(y)}θ = ∂µλ(y) + {aµ(y), λ(y)}θ ≡
Dµλ(y). This implies that the covariant momenta φµ(y) ∈ C∞(Uα) must be regarded as local sec-
tions of a line bundle and aµ(y) in the Darboux transformation (2.17) has to be regarded as a gauge
field whose field strength is given by fµν(y) = ∂µaν(y)− ∂νaµ(y) + {aµ(y), aν(y)}θ in Eq. (2.21).
Since they respect the non-Abelian structure due to the underlying Poisson structure (2.18), they are
different from ordinary U(1) gauge fieldsAµ(x) in Eq. (2.8), so they will be called “symplectic”U(1)
gauge fields. One may notice that the Jacobi identity for the Poisson algebra P leads to the Bianchi
identity for the symplectic U(1) gauge fields:
{φa, {φb, φc}θ}θ + {φb, {φc, φa}θ}θ + {φc, {φa, φb}θ}θ = Dafbc +Dbfca +Dcfab = 0. (2.22)
Since both sides of Eq. (2.16) are invertible, one can take its inverse and derive the following
relation
Θab(x) ≡
(
1
B + F (x)
)ab
= θacθbd{φc(y), φd(y)}θ =
(
θ
(
B − f(y))θ)ab. (2.23)
From the above relation, it is easy to derive the exact Seiberg-Witten map between commutativeU(1)
gauge fields and symplectic U(1) gauge fields [24, 25]:
fab(y) =
(
1
1 + Fθ
F
)
ab
(x). (2.24)
As was noticed before, the symplectic gauge fields are intrinsically non-Abelian as well as non-
linear as definitely indicated in Eq. (2.24). Therefore one can consider linear algebraic relations
of symplectic U(1) gauge fields as a higher-dimensional analogue of four-dimensional self-duality
equations such that the equations of motion automatically follow, although we have not specified the
underlying action yet. Let us assume that they take the following form [26, 27]
1
2
Tabcdfcd = fab (2.25)
with a constant four-form tensor Tabcd. Using the Bianchi identity (2.22), it is easy to derive the
“equations of motion”
Dbfab = 0 (2.26)
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from the instanton equation (2.25). Since the first-order partial differential equations (2.25) are non-
linear, it is reasonable to expect that there is a nontrivial regular solution satisfying them. Such a
solution, if any, will be called a symplectic U(1) instanton.
Let us make it clear from the gravity perspective why symplectic U(1) instantons should exist.
Recall that we have started with the Ka¨hler geometry and have derived a natural Poisson algebra
associated with the Ka¨hler geometry. Hence symplectic U(1) gauge fields in the Poisson algebra
are the incarnation of Ka¨hler geometry. From gravity point of view, the generalized self-duality
equation (2.25) imposes an additional condition on Ka¨hler manifolds. Therefore the symplectic U(1)
instantons should describe a particular class of Ka¨hler manifolds. A natural candidate is Calabi-Yau
manifolds which are Ka¨hler manifolds of vanishing Ricci tensors [15]. Recall that the Ricci tensor of
a Ka¨hler manifold takes an extremely simple form given by
Rij¯ = −
∂2 ln detgkl¯
∂zi∂z j¯
. (2.27)
Therefore the Einstein equation for a Ka¨hler metric reads
∂i∂j¯ ln detgkl¯ = 0. (2.28)
Local complex coordinates can be arranged in such a way that the Jacobians detij(∂z
i
α/∂z
j
β) of the
transition functions on Uα
⋂
Uβ are one on all the overlaps. In that case detgij¯ is a globally defined
function and the Einstein equation (2.28) reduces to the Monge-Ampe`re equation [28]
detgij¯ = κ, (2.29)
where the constant κ is related to the volume of the Ka¨hler manifold that depends only on the Ka¨hler
class. If so, one may guess that the generalized self-duality equation (2.25) is equivalent to the Ricci-
flat condition (2.29) of Ka¨hler manifolds. It was proved in [29] that the self-duality equation (2.25)
is equivalent to the Einstein equation (2.29) for n = 2 and 3 cases. We speculate that it is true for
any n ≥ 2. In four dimensions (i.e. n = 2), the Calabi-Yau manifolds are also called hyper-Ka¨hler
manifolds or gravitational instantons. Thus the higher-dimensional Calabi-Yau manifolds may be
regarded as higher-dimensional gravitational instantons as Ricci-flat, Ka¨hler manifolds. In the end,
we have a remarkable equivalence between symplectic U(1) instantons and gravitational instantons
[30].
Eq. (2.24) indicates that symplectic U(1) instantons arise from the Seiberg-Witten map of com-
mutative U(1) instantons which are singular in itself. As was argued before, the symplectic U(1)
instantons describe a smooth regular geometry without singularity because they are Calabi-Yau mani-
folds. This is the reason why we need to allow singular U(1) gauge fields to realize the Ka¨hler gravity
in terms of a U(1) gauge theory. We have seen that the gauge theory description of a Ka¨her man-
ifold leads to symplectic U(1) gauge fields rather than ordinary U(1) gauge fields.3 To admit such
3It should be the case because the gravity is a non-linear theory. In order to make sense the equivalence between
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a singular gauge field, the holomorphic line bundle L is replaced by the rank one torsion free sheaf
which allows singular U(1) gauge fields in real codimension four. However the topological character
of symplectic U(1) gauge fields is obscure from the gauge theory point of view. Although they are
non-singular, their instanton number–the second Chern class–is not quantized [24]. It may not be
surprising since symplectic U(1) gauge fields are sections of a line bundle rather than its connections.
They encode only the local geometry of a Ka¨hler manifold and need to be glued to encompass a global
geometry. Nevertheless their gravitational topology is well-defined since the Euler characteristic and
the Hirzebruch signature have integer numbers [31]. A nice feature is that, after quantization, NC
U(1) instantons [32] yield a well-defined topology and their instanton number becomes an integer
[33]. Accordingly the topology of quantized Ka¨hler manifolds would be determined by the topology
of NC U(1) gauge fields.
Let us define the action for symplectic U(1) gauge fields. The most natural variables that appear
in the gauge theory description of a Ka¨hler geometry are covariant coordinates xa(y) or covariant
momenta φa(y) in Eq. (2.17). Therefore we take the action as the form
S =
1
4g2YM
∫
d2ny{φa, φb}2θ, (2.30)
where gYM = g(2π)
n/2ln−2s is a gauge coupling constant in this theory. Note that the Lagrangian,
4g2YML = {φa, φb}2θ = B2ab − 2Babfab + f 2ab, contains a background part, B2ab, and a total derivative
term, −2Babfab. If one considers localized fluctuations only, one may drop the background part and
the total derivative term and the action for local fluctuations may be written as
S =
1
4g2YM
∫
d2nyf 2ab. (2.31)
The equations of motion (2.26) can be derived from this action (or the action (2.30)). However we
will see that symplectic U(1) gauge fields as well as NC U(1) gauge fields after quantization are
not necessarily localized due to a subtle UV/IR mixing in NC space and some fluctuations can be
extended to macroscopic scales [34]. In this case the crossing term,−2Babfab, cannot be dropped and
it has an important effect even at macroscopic scales. Moreover the background part, B2ab, will have a
surprising interpretation from the emergent gravity point of view.
3 Quantization of Ka¨hler Geometry and Noncommutative U(1)
Gauge Theory
In the previous section we have shown that the Ka¨hler geometry can be described by a U(1) gauge
theory on a symplectic manifold with a slight generalization. The gauge theory description of Ka¨hler
a Ka¨hler gravity and a gauge theory, the gauge symmetry structure of both theories should be compatible each other.
Symplectic U(1) gauge fields respect a non-Abelian gauge symmetry whereas ordinary U(1) gauge fields respect the
Abelian gauge symmetry.
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gravity is realized by viewing a Ka¨hler manifold as a phase space and its Ka¨hler form as the symplectic
two-form [12]. This viewpoint naturally leads to a Poisson algebra P associated with the Ka¨hler
geometry we have started with. The Poisson algebra P defines an underlying algebraic structure of
symplectic U(1) gauge fields which are local holomorphic sections of a line bundle. The symplectic
U(1) gauge fields are the incarnation of Ka¨hler geometry and correspond to dynamical coordinates
describing the deformation of a background symplectic structure. Therefore a dynamical system
defined by symplectic U(1) gauge fields is described by the Poisson algebra P.
Since the Poisson algebra P defined by the Poisson bracket (2.18) is mathematically the same
as the one in Hamiltonian dynamics of particles, one may try to quantize the Poisson algebra in
the exactly same way as quantum mechanics. Hence we apply the canonical quantization to the
Poisson algebra P = (C∞(N), {−,−}θ) [3]. The canonical or Dirac quantization of P consists of
a suitable complex Hilbert space H and a quantization map Q : C∞(N) → Aθ from a commutative
algebra C∞(N) to a NC algebra Aθ. The Q-map associates to a function f ∈ C∞(N) on N a
quantum operator f̂ ∈ Aθ acting on H by f 7→ Q(f) ≡ f̂ . It should be C-linear and an algebra
homomorphism:
f · g 7→ f̂ ∗ g = f̂ · ĝ (3.1)
and
f ∗ g ≡ Q−1(Q(f) · Q(g)) (3.2)
for f, g ∈ C∞(N) and f̂ , ĝ ∈ Aθ. Then the Poisson bracket (2.18) in P is mapped to a quantum
bracket defined by
i{f, g}θ 7→ Q
(
[f, g]∗
)
= [f̂ , ĝ] = (f̂ · ĝ − ĝ · f̂), (3.3)
where
[f, g]∗ = f ∗ g − g ∗ f. (3.4)
Therefore the Poisson bracket controls the failure of commutativity
[f̂ , ĝ] ∼ i{f, g}θ +O(θ2), (3.5)
so the Poisson bracket of classical observables may be seen as a shadow of the noncommutativity in
quantum world.
We now apply the quantization to the Poisson algebra P = (C∞(N), {−,−}θ) of symplectic
U(1) gauge fields:
φa(y) ∈ C∞(N) 7→ Q(φa) ≡ φ̂a(y) = pa + Âa(y) ∈ Aθ, (3.6)
{φa, φb}θ ∈ C∞(N) 7→ −iQ
(
[φa, φb]∗
)
= −i[φ̂a(y), φ̂b(y)] = −Bab + F̂ab(y), (3.7)
where Âa = Q(aa) are called NC U(1) gauge fields and F̂ab = Q(fab) are their field strengths defined
by
F̂ab(y) = ∂aÂb(y)− ∂bÂa(y)− i[Âa(y), Âb(y)] ∈ Aθ. (3.8)
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In particular, the background fields yµ and pµ satisfy the Heisenberg algebra
[yµ, yν] = iθµν , [pµ, pν ] = −iBµν , (3.9)
where we have omitted the hat symbol for notational simplicity. The NC algebra generated by the
background fields will be denoted by R2nθ and called the “NC space” although the usual concept of
space is not well-defined any more. We see that NC U(1) gauge fields act as the deformation of the
“vacuum” algebra R2nθ , so they describe a dynamical NC space as Eq. (3.7) clearly shows.
Any NC algebra admits a nontrivial inner automorphism Inn(Aθ) defined by
O 7→ UOU−1 (3.10)
for an operator O ∈ Aθ and U ∈ Inn(Aθ). The infinitesimal generators of Inn(Aθ) act on Aθ as an
inner derivation defined by
adf̂ = −i[f̂ , · ] (3.11)
given an operator f̂ ∈ Aθ. The derivation obeys the Leibniz rule
adf̂(O1 · O2) = adf̂ (O1) · O2 +O1 · adf̂(O2) (3.12)
for any two operators O1,O2 ∈ Aθ. We denote the vector space of inner derivations as
D = {adf̂ : ĝ 7→ −i[f̂ , ĝ]|f̂ ∈ Aθ}. (3.13)
For example, the background operators pµ act as a differential operator, i.e.,
adpµ = ∂µ (3.14)
and the covariant momenta φ̂a ∈ Aθ act as a covariant derivative given by
adφ̂aO = −i[φ̂a,O] = ∂aO − i[Âa,O] ≡ D̂aO (3.15)
for an observable O ∈ Aθ. For the latter case, the finite inner automorphism in (3.10) is given by
Uc = exp
( − icaφ̂a) ∈ Inn(Aθ) with ca ∈ R or C. Since the inner derivations adφ̂a are important
operators for our later application, we denote them by [6, 9]
adφ̂a ≡ V̂a ∈ D. (3.16)
The linear map ρ : Aθ → D is a Lie algebra homomorphism because it satisfies the relation
ad[f̂ ,ĝ] = i[adf̂ , adĝ] (3.17)
for any f̂ , ĝ ∈ Aθ. One can easily check Eq. (3.17) using the Jacobi identity of the NC algebra Aθ.
Denote the center ofAθ by Z(Aθ) = {f̂ ∈ Aθ|[f̂ , ĝ] = 0, ∀ĝ ∈ Aθ} and introduce an equivalence
relation f̂ ∼ ĝ in Aθ if and only if ĝ = f̂ + c with c ∈ Z(Aθ). Consider the set of equivalence
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classes of Aθ by ∼, denoted as A˜θ = Aθ/ ∼. Then the linear map ρ˜ : A˜θ → D is the Lie algebra
isomorphism. One important example is
− i ad[φ̂a,φ̂b] = adF̂ab = [adφ̂a , adφ̂b ] = [V̂a, V̂b] (3.18)
where we used the fact that −i[φ̂a, φ̂b] = −Bab + F̂ab and Bab ∈ Z(Aθ). The fact that the derivation
D is inert for elements in Z(Aθ) is the crux to resolve the cosmological constant problem in general
relativity [14], as will be discussed later.
After the quantization Q : C∞(N) → Aθ, the classical action (2.30) is lifted to the action of NC
U(1) gauge fields given by
Ŝ = − 1
4g2YM
∫
d2ny[φ̂a, φ̂b]
2, (3.19)
where the integral is defined as the trace over a separable Hilbert space H on which the operators φ̂a
act, i.e., ∫
d2ny
(2π)n|Pf(θ)| = TrH. (3.20)
We will assume that TrH[f̂ , ĝ] = 0 if at least one of the operators (f̂ , ĝ) is compactly supported. The
equations of motion derived from (3.19) read as
D̂bF̂ab = 0. (3.21)
Similarly, the generalized self-duality equation (2.25) is now defined as an operator algebra4
1
2
TabcdF̂cd = F̂ab. (3.22)
In four and six dimensions, the above self-duality equation is given by
Tabcd =
{
±εabcd, n = 2;
−1
2
εabcdefε
ef , n = 3,
(3.23)
where ε’s are volume tensors in each dimension and εef = θ
ef
α′
. The self-duality equation (3.22)
admits nontrivial regular solutions called NC U(1) instantons [32] and NC Hermitian U(1) instantons
[35, 27] in four and six dimensions, respectively.
Let us understand what Eqs. (3.21) and (3.22) mean from the Ka¨hler gravity point of view. Our
journey so far may be summarized by the following diagram:
Ka¨hler gravity
I−1ǫ−→ Symplectic U (1 ) gauge theory
Q ↓ ↓ Q
?
Iθ←− NC U (1 ) gauge theory
(3.24)
4The four-form tensor Tabcd in the self-duality equation (3.22) breaks the rotational symmetry to a subgroup H ⊂
O(2n). Thus the two-form field strength F̂ = 1
2
F̂abdy
a∧dyb can be classified by the unbroken symmetryH under which
Tabcd remain invariant. The self-duality equation (3.22) projects the two-form F̂ to an invariant subspace.
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Here Q : C∞(N)→ Aθ means the quantization we have defined at the beginning of this section and
I means an isomorphism between two theories. In some sense I corresponds to the gauge-gravity
duality. We will see that it can be interpreted as the largeN duality too. Since symplectic U(1) gauge
theory is a commutative limit of NC U(1) gauge theory in the sense of Eq. (3.5), we understand
the classical isomorphism in (3.24) as Iǫ = Iθ|ε=|θ|→0. According to the flow chart in (3.24), it is
reasonable to identify the unknown theory with a quantized Ka¨hler gravity. Actually this relation was
already observed in [12] in the context of topological strings probing Ka¨hler manifolds where several
nontrivial evidences have been analyzed to support the picture. In particular, the authors in [12] argue
that NC U(1) gauge theory is the fundamental description of Ka¨hler gravity at all scales including the
Planck scale and provides a quantum gravity description such as quantum gravitational foams. The
duality in [12, 19] has been further clarified in [13] by showing that it follows from the S-duality of
the type IIB superstring. So we claim the following duality:
Ka¨hler gravity
I−1ǫ−→ Symplectic U (1 ) gauge theory
Q ↓ ↓ Q
Quantized Ka¨hler gravity
Iθ←− NC U (1 ) gauge theory
(3.25)
This duality, if any, suggests an important clue about how to quantize the Ka¨hler gravity. Surprisingly,
the correct variables for quantization are not metric fields but dynamical coordinates xa(y) or φa(y) =
Babx
b(y) and their quantization is defined in terms of α′ rather than ~. So far, there is no well-
established clue to quantize metric fields directly in terms of ~ in spite of impressive developments
in loop quantum gravity [36]. However, the picture in (3.25) suggests a completely new quantization
scheme [6] where quantum gravity is defined by quantizing spacetime itself in terms of α′, leading to
a dynamical NC spacetime described by a NC U(1) gauge theory.
The duality relation in (3.25) may be more accessible with the corresponding relation for solutions
of the self-duality equation (3.22). It means that the duality relation (3.25) is restricted to a particular
class of Ka¨hler manifolds with vanishing Ricci tensors as we have discussed in section 2:
Calabi− Yau manifold I
−1
ǫ−→ Symplectic U (1 ) instanton
Q ↓ ↓ Q
Quantized Calabi−Yau manifold Iθ←− NC U (1 ) instanton
(3.26)
It was shown in [27, 17] that symplectic U(1) instantons obeying the self-duality equation (2.25)
are equivalent to Calabi-Yau manifolds. Since Eq. (2.25) simply arises at the commutative limit
of the NC self-duality equation (3.22), it was claimed in [27] that the duality relation Iθ should be
true in quantum level too as depicted in (3.26). The duality relation (3.25) in six dimensions has
been illuminated in [12] by showing the complete equivalence of the topological vertex counting of
the all-genus string partition function with the partition function of U(1) maximally supersymmetric
topologically twisted gauge theory on toric Calabi-Yau manifolds.
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An important basis for the furtive isomorphism Iǫ in (3.25) is that the U(1) gauge theory also
respects the equivalence principle in Ka¨hler gravity. So it should be interesting to see how the equiva-
lence principle in Ka¨hler gravity is lifted to a quantum world, dubbed quantum equivalence principle
[5, 6] in quantized Ka¨hler gravity. First let us recapitulate an underlying logic in the duality relation
(3.25). Since a Ka¨hler manifold is a symplectic manifold too, one can apply the Darboux theorem
to the local Ka¨hler form (2.7) which is also regarded as a symplectic two-form on a local patch Uα.
It reads as ϕ∗α(B + Fα) = B with a local coordinate transformation ϕα ∈ Diff(Uα). Since the lo-
cal Ka¨hler form Fα = B + Fα on Uα is isomorphically mapped to a local Ka¨hler metric given a
fixed complex structure, the Darboux transformation can be equally stated in terms of the metric as
ϕ∗α(gij¯) = δij¯ .
5 Thus the fact that the Darboux transformation locally eliminates dynamical U(1)
gauge fields is equally phrased as a local trivialization of an underlying Ka¨hler manifold according
to the equivalence principle in general relativity. The NC U(1) gauge theory is constructed by lifting
the coordinate transformation (2.17) to a local automorphism of Aθ defined by DA = Q ◦ ϕ∗α which
acts on the coordinates ya as
DA(ya) = x̂a(y) = ya + θabÂb(y) = θabφ̂b(y) ∈ Aθ. (3.27)
They obey the commutation relations
[x̂a, x̂b] = i
(
θ − θF̂ θ)ab(y) ≡ iΘ̂ab(y), [φ̂a, φ̂b] = −i(Bab − F̂ab(y)). (3.28)
Now let us take the bivector Θ = 1
2
Θab(x) ∂
∂xa
∧
∂
∂xb
∈ Γ(Λ2TN) given by Eq. (2.23). Since
dF = 0 with F = B + F , the Schouten-Nijenhuis bracket of the bivector Θ ∈ Γ(Λ2TN) iden-
tically vanishes, that is [Θ,Θ]SN = 0. Thus the bivector Θ defines a new Poisson structure on N .
The commutative algebra C∞(N) forms a Lie algebra P′ =
(
C∞(N), {−,−}Θ
)
under the Poisson
bracket
{f, g}Θ = Θ(df, dg) or {f, g}Θ = Θµν(x)∂f(x)
∂xµ
∂g(x)
∂xν
. (3.29)
The quantization map associates to a function f ∈ C∞(N) on N a quantum operator f˜ ∈ AΘ̂ acting
onH by f 7→ DA(f) ≡ f˜ . It should also be C-linear and an algebra homomorphism:
f · g 7→ f˜ ∗′ g = f˜ · g˜ (3.30)
and
f ∗′ g ≡ D−1A
(DA(f) · DA(g)) (3.31)
for f, g ∈ C∞(N) and f˜ , g˜ ∈ AΘ̂. Then the Poisson bracket (3.29) in P′ is mapped to a quantum
bracket defined by
i{f, g}Θ 7→ DA
(
[f, g]∗′
)
= [f˜ , g˜] = (f˜ · g˜ − g˜ · f˜), (3.32)
5It should be understood with a caveat as we explained in the paragraph below Eq. (2.16).
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where
[f, g]∗′ = f ∗′ g − g ∗′ f. (3.33)
Therefore the Poisson algebra P′ arises as the commutative limit of the NC algebra AΘ̂, i.e.,
[f˜ , g˜] ∼ i{f, g}Θ +O(Θ2). (3.34)
The new Poisson bracket (3.29) is related to the old one (2.18) by a Poisson map [6]
ϕ∗α{f, g}Θ = {ϕ∗αf, ϕ∗αg}θ (3.35)
for all f, g ∈ C∞(N).
One can see from Eq. (3.32) that [x˜a, x˜b] = DA
(
[xa, xb]∗′
)
= iDA
(
Θab(x)
)
= iΘ˜ab(x˜). Thus
the commutation relations (3.28) can be derived from the NC algebra AΘ̂ with the identification
x˜a := x̂a(y) and Θ˜ab(x˜) := Θ̂ab(y). This means that the new NC algebra AΘ̂ can be related to
the old one Aθ by choosing the quantization DA = Q ◦ ϕ∗α. Since the local diffeomorphism ϕα
on Uα is a coordinate transformation to a Darboux frame defined by ϕ
∗
α(B + Fα) = B or a locally
inertial frame given by ϕ∗α(δ + h) = δ, the quantization DA = Q ◦ ϕ∗α corresponds to a lift of
the classical Darboux theorem or the equivalence principle to quantized NC algebras. Indeed it was
shown in [37] that two star products ∗ and ∗′ are Morita equivalent if and only if they are, modulo
diffeomorphisms, related by the action of the Picard group Pic(C∞(N)) ∼= H2(N,Z) given by an
element of isomorphism classes of holomorphic line bundles over N . In our case this is true for the
Λ-symmetry (2.11). Naturally the NC algebras Aθ and AΘ̂ are also Morita equivalent according to
the invertible covariance map (3.31). So one may consider the Morita equivalence between Aθ and
AΘ̂ as the quantum equivalence principle [6].
Given a Poisson matrix as the form (1.3) for the NC space R2n, the Heisenberg algebra (3.9) can
be written as
[ai, a
†
j ] = δij , i, j = 1, · · · , n, (3.36)
where ai =
y2i−1+
√−1y2i√
2α′
and a†i =
y2i−1−√−1y2i√
2α′
. The Hilbert space for the representation of the
algebra (3.36) is given by the Fock space
H = {|n〉 ≡ |n1, n2, · · · , nn〉 |n1, n2, · · · , nn = 0, 1, · · · ,∞}. (3.37)
The basis of the Fock space is orthonormal, i.e., 〈n|m〉 = δ
n,m and complete, i.e.,
∑∞
n=0 |n〉〈n| =
1H, as is well-known from quantum mechanics. Since the Fock space (3.37) has a countable basis,
it is convenient to introduce a one-dimensional basis using the “Cantor diagonal method” to put
the n-dimensional non-negative integer lattice in H into one-to-one correspondence with the natural
numbers:
Zn≥0 ↔ N : |n〉 ↔ |n〉, n = 1, · · · , N →∞. (3.38)
In this one-dimensional basis, the completeness relation of the Fock space (3.37) is now given by∑∞
n=1 |n〉〈n| = 1H.
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It is known [3] that the representation of NC operators on the Fock space H is given by N × N
matrices where N = dim(H) → ∞. Consider two arbitrary dynamical fields f̂(y) and ĝ(y) on
the 2n-dimensional NC space R2nθ which are elements of the NC algebra Aθ. Since the dynamical
variables inAθ can be regarded as linear operators acting on the Hilbert space (3.37), we can represent
the operators as N ×N matrices in End(H) ≡ AN where N = dim(H)→∞:
f̂(y) =
∑∞
n,m=1 |n〉〈n|f̂(y)|m〉〈m| :=
∑∞
n,m=1 Fnm|n〉〈m|,
ĝ(y) =
∑∞
n,m=1 |n〉〈n|ĝ(y)|m〉〈m| :=
∑∞
n,m=1Gnm|n〉〈m|,
(3.39)
where F and G are N ×N matrices in AN = End(H). Then we get a natural composition rule
f̂(y) · ĝ(y) =
∞∑
n,l,m=1
|n〉〈n|f̂(y)|l〉〈l|ĝ(y)|m〉〈m| =
∞∑
n,l,m=1
FnlGlm|n〉〈m|.
The above composition rule implies that the ordering in the NC algebra Aθ is perfectly compatible
with the ordering in the matrix algebra AN . Thus we can straightforwardly translate multiplications
of NC fields in Aθ into those of matrices in AN using the matrix representation (3.39) without any
ordering ambiguity. Indeed the linear representation ρ : Aθ → AN on the Hilbert space H is a Lie
algebra homomorphism. Using the map (3.39), the trace over Aθ can also be transformed into the
trace overAN , i.e., ∫
d2ny
(2π)n|Pfθ| = TrH = TrN . (3.40)
Then it is straightforward to map the NC U(1) gauge theory (3.19) to the matrix action [38]
S = − 1
4g20
TrN [Φa,Φb]
2 (3.41)
where g0 =
gYM√
(2π)n|Pf(θ)| =
g
α′
is the coupling constant of matrix model andΦa ∈ AN , a = 1, · · · , 2n,
is the matrix representation of a covariant momentum φ̂a ∈ Aθ.
Note that the matrix algebraAN is an associative algebra with productAB and forms a Lie algebra
under the bracket [A,B] = AB − BA for A,B ∈ AN . Then the Jacobi identity
[Φa, [Φb,Φc]] + [Φb, [Φc,Φa]] + [Φc, [Φa,Φb]] = 0 (3.42)
holds due to the associativity of the algebra AN . The matrix model is further subject to the equations
of motion
[Φb, [Φa,Φb]] = 0 (3.43)
derived from the principle of least action. It is well-known that every automorphism of the matrix
algebra AN is an inner automorphism. More precisely, we have the following result. Let Ψ : AN →
AN be a bijective linear map satisfying Ψ(AB) = Ψ(A)Ψ(B), A, B ∈ AN . Then there exists an
invertible matrix U ∈ AN such that
Ψ(A) = UAU−1 (3.44)
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for every A ∈ AN . It will be called the U(N) gauge symmetry from the matrix model viewpoint.
In our case we need to take the limit N → ∞. Since we want to achieve a background-independent
formulation of quantum gravity in terms of the algebra of (large N) matrices, this property will be
important to define a deformation complex of AN . The matrix action (3.41) has an extra global
automorphism given by
Φa → RabΦb + ca (3.45)
where (R)ab is a rotation in SO(2n) and ca are constants proportional to the identity matrix.
The final destination of our journey started with Ka¨hler geometry is a zero-dimensional matrix
model defined by the action (3.41). The matrix model has been derived from the noncommutative
U(1) gauge theory which arguably describes a quantized Ka¨hler geometry according to the duality
picture (3.25). Thus the correspondence in (3.25) is actually a large N duality between gravity and
matrix model.6 Since the matrix model (3.41) is a zero-dimensional theory, any concept of space
(and time) is not necessary to define the theory. Rather the concept of geometry in Ka¨hler gravity has
been replaced by NC algebras Aθ andAN . In this sense we have arrived at a completely background-
independent formulation of quantized Ka¨hler geometry.
4 Matrix Model and Quantum Gravity
We have started with Ka¨hler geometry and have arrived at a radical endpoint. The concept of ge-
ometry has been completely disappeared at the endpoint. Now we want to play with the zero-
dimensional matrix model (3.41) to examine how to recover our starting point–Ka¨hler geometry–from
the background-independent formulation.
First let us specify vacua of the matrix model known as the Coulomb branch. The conventional
choice of vacuum in the Coulomb branch of U(N) Yang-Mills theory is given by
[Φa,Φb]|vac = 0 =⇒ 〈Φa〉vac = diag
(
(υa)1, (υa)2, · · · , (υa)N
)
, (4.1)
where (υa)i (a = 1, · · · , 2n, i = 1, · · · , N) are constant vacuum expectation values, possibly zeros.
Depending on a specific symmetry breaking pattern, the U(N) gauge symmetry is reduced to Gk1 ×
Gk2 × · · · × Gkp where Gki = SU(ki − 1) or U(ki) and
∑p
i=1 ki = N . If (υa)i are all different,
the U(N) gauge symmetry is broken to U(1)N . One can study a low energy effective action by the
expansion Φa = 〈Φa〉vac + δΦa around the diagonal configurations (4.1) in the Coulomb branch.
6If the rank of θµν is less than 2n, say, 2m and d = 2(n−m) ≥ 0, NC fields φ̂(x, y) are elements of the NC algebra
Adθ ≡ Aθ
(
C∞(Rd)
)
= C∞(Rd)⊗Aθ where x ∈ Rd and y ∈ R2mθ . The matrix representation ρ : Adθ → AdN of φ̂(x, y)
gives us a matrix Φ(x) ∈ AdN ≡ AN
(
C∞(Rd)
)
= C∞(Rd)⊗AN defined on the commutative space Rd. In that case we
will get a d-dimensional U(N → ∞) gauge theory after the matrix representation [6, 7]. For instance, ten-dimensional
NC U(1) gauge theory on R4 × R6θ (i.e., n = 5 andm = 3) leads to the four-dimensional U(N → ∞) gauge theory on
R4 which is the bosonic part of four-dimensionalN = 4 supersymmetric gauge theory in the AdS/CFT correspondence.
The duality (3.25) in this case corresponds to the gauge-gravity duality on an asymptotically flat spacetime background.
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However we fail to reproduce the 2n-dimensional NC U(1) gauge theory (3.19) in that way. It is
not difficult to find a correct vacuum to derive a higher-dimensional NC U(1) gauge theory from the
matrix model (3.41). In retrospect, it is required to have a separable Hilbert space to achieve the
matrix representation ρ : Aθ → AN . The Hilbert space (3.37) arises as a linear representation of the
vacuum algebra (3.9). Therefore it is obvious what is the correct vacuum for our purpose. It is given
by a coherent vacuum in the so-called NC Coulomb branch defined by [39, 6]
[Φa,Φb]|vac = −iBab =⇒ 〈Φa〉vac = pa = Babyb. (4.2)
We have learned from quantum mechanics [3] that such a NC Coulomb branch is allowed when the
size of matrices is infinite. Since we are considering the limitN →∞, the large N limit opens a new
phase of the Coulomb branch given by (4.2). Unfortunately the NC Coulomb branch in gauge-gravity
duality has been mostly ignored so far. Note that the NC Coulomb branch (4.2) saves the NC nature
of matrices while the conventional commutative vacuum (4.1) dismisses the property.
Suppose that the fluctuations around the vacuum (4.2) take the form
Φa = pa + Âa(y). (4.3)
By considering the matrices Φa ∈ AN as a linear representation of the operators φ̂a on the Hilbert
spaceH as in Eq. (3.39), one can associate the matrix algebra AN = End(H) with a NC algebraAθ.
Then it is straightforward to get the 2n-dimensional NC U(1) gauge theory (3.19) by plugging the
expansion (4.3) into the matrix action (3.41) and using the relation (3.40). It may be emphasized that
the NC Coulomb branch (4.2) is a consistent vacuum since it obeys the equations of motion (3.43). It
is also the crux to realize the equivalence between a large N matrix model and a higher-dimensional
NC U(1) gauge theory [39]. If the conventional commutative vacuum (4.1) were chosen, we would
have failed to realize the equivalence. Indeed it turns out [6, 7, 14] that the NC Coulomb branch is
crucial to realize the emergent gravity from matrix models or large N gauge theories.
Since we have already obtained the 2n-dimensional NC U(1) gauge theory (3.19) from the zero-
dimensional matrix model (3.41) by considering fluctuations around the NC Coulomb branch (4.2), it
would be affirmative to yield the Ka¨hler geometry again by reversing the procedure for the flowchart
of the duality (3.25). However it would be desirable to develop a more systematic way to derive the
classical geometry from a matrix model and a NC U(1) gauge theory. Before doing that, let us first
check where the flat space R2n comes from. Definitely the flat space corresponds to a global Ka¨her
form F = B in Eq. (2.7) without any local fluctuations. From the matrix model perspective, it
arises from the vacuum in the NC Coulomb branch (4.2) whose density can be evaluated by the action
(3.19):
ρvac =
1
4g2YM
B2ab. (4.4)
Thus the flat space R2n is emergent from the uniform vacuum condensate. This implies a remarkable
picture [7, 8] that the flat space is not an empty space unlike the general relativity but emergent from
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a coherent vacuum condensate corresponding to a cosmological constant in general relativity. We
will see soon that it is an inevitable consequence of emergent spacetime and the emergent spacetime
picture will completely change the situation regarding to the cosmological constant problem.7
In section 3, we have introduced a Lie algebra homomorphism ρ : Aθ → D where D denotes the
vector space of inner derivations in Eq. (3.13). In particular, the set of derivations defined by (3.16)
plays a fundamental role because the matrix model depends only on the combination (4.3). Since
every automorphism of the matrix algebra AN is inner, a general element of the automorphism in
(3.44) may be generated by
Uc = exp
(− icaΦa) ∈ AN (4.5)
with ca ∈ R or C. Its infinitesimal generator leads to the fundamental derivations in Eq. (3.16).
Substituting the fluctuations (4.3) into the Jacobi identity (3.42) and the equations of motion (3.43)
leads to the Bianchi identity and the equations of motion of NC U(1) gauge fields, respectively:
D̂[aF̂bc] ≡ D̂aF̂bc + D̂bF̂ca + D̂cF̂ab = 0, (4.6)
D̂bF̂ab = 0, (4.7)
where we used the relation
[Φa, [Φb,Φc]] = −D̂aF̂bc. (4.8)
Using the relation (4.8) and the algebra homomorphism (3.17), one can get the derivations
adD̂aF̂bc = [V̂a, [V̂b, V̂c]]. (4.9)
Using this relation, the Bianchi identity (4.6) and the equations of motion (4.7) for NC U(1) gauge
fields are mapped to algebraic (eventually geometric) equations of derivations inD:
D̂[aF̂bc] = 0 =⇒ [V̂a, [V̂b, V̂c]] + [V̂b, [V̂c, V̂a]] + [V̂c, [V̂a, V̂b]] = 0, (4.10)
D̂bF̂ab = 0 =⇒ [V̂b, [V̂a, V̂b]] = 0. (4.11)
The vector space D of derivations is realized as differential operators acting on C∞(N). Hence
it is convenient to use the ∗-product representation (3.2) of the NC algebra Aθ. Then the generalized
vector fields adφ̂a = V̂a in Eq. (3.16) take the form [6, 9]
V̂a = V
µ
a (y)
∂
∂yµ
+
∞∑
p=2
V µ1···µpa (y)
∂
∂yµ1
· · · ∂
∂yµp
∈ D. (4.12)
One can see that the generalized vector fields inD generate an infinite tower of the so-called polyvec-
tor fields. Note that the covariant momenta φ̂a and φ̂
′
a = φ̂a + D̂aλ̂ for λ̂ ∈ Aθ are in the same gauge
7The action density (4.4) in 2n-dimensions corresponds to the energy density for static solutions in (2n + 1)-
dimensions. Until we introduce the concept of emergent time, we will discuss the cosmological constant problem in
this context.
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equivalence class. Therefore the corresponding polyvector fields inD should be identified within the
equivalence classes defined by
V̂a ∼ V̂ ′a = V̂a + [V̂a, V̂λ̂] (4.13)
where V̂λ̂ = adλ̂. It is important to perceive that the realization ofD through the derivation algebra in
Eq. (4.12) is intrinsically local [6]. Therefore it is necessary to consider patching or gluing together
the local constructions using the gauge degrees of freedom (4.13) to form a set of global quantities.
We will assume that local coordinate patches have been consistently glued together to yield global
polyvector fields.
In a large distance limit, i.e., |θ| → 0, we expect to recover a Ka¨hler geometry from a “quantum
geometry” according to the duality picture (3.25). In other words, we need to show that a Ka¨hler
geometry is emergent from the commutative limit of the zero-dimensional matrix model (3.41) in the
NC Coulomb branch. Suppose that the resulting Ka¨hler geometry is described by (M, g) with the
metric (2.1). In that limit, the polyvector fields in (4.12) reduce to ordinary vector fields that will be
identified with frame fields in Γ(TM). Let us denote the globally defined vector fields by
X(M) =
{
Va = V
µ
a (x)
∂
∂xµ
|a, µ = 1, · · · , 2n
}
. (4.14)
Define the structure equations of vector fields by
[Va, Vb] = −gabcVc. (4.15)
The orthonormal vielbeins on TM are then defined by the relation Va = λEa ∈ Γ(TM) where
a positive function λ is to be determined by a volume-preserving condition. We fix the conformal
factor λ by imposing the condition that the vector fields Va preserve a volume form
ν = λ2v1 ∧ · · · ∧ v2n (4.16)
where va = vaµ(x)dx
µ ∈ Γ(T ∗M) are covectors dual to Va, i.e., 〈va, Vb〉 = δab . This means that the
vector fields Va obey the condition
LVaν =
(∇ · Va + (2− 2n)Va lnλ)ν = 0. (4.17)
The above condition (4.17) can be written as
1√
detgV
∂µ
(
V µa
√
detgV
)
+ 2Va lnλ = 0 ⇔ gbab = Va lnλ2, (4.18)
where
√
detgV = detv
a
µ. If the vector fields Va are known, the conformal factor λ
2 can be determined
by solving Eq. (4.18). Then the Riemannian metric on an emergent Ka¨hler manifold is completely
determined by
ds2 = ea ⊗ ea = λ2va ⊗ va = λ2vaµvaνdxµ ⊗ dxν (4.19)
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where ea = λva ∈ Γ(T ∗M) are the orthonormal coframes. From the definition (4.17), one can see
that the factor λ can be determined only up to a constant scaling, λ → βλ, where β ∈ R > 0. The
scaling freedom can be attributed to the scale symmetry of the dynamical variables, Φa → βΦa, in
(4.3). This scale symmetry will be fixed by relating the dynamical scale of the vacuum condensate
(4.2) to a characteristic scale of quantum gravity.
Given a connection∇ on TM for any Riemannian manifoldM , the torsion and the curvature are
defined by [15]
T (X, Y ) = ∇XY −∇YX − [X, Y ], (4.20)
R(X, Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z, (4.21)
where X, Y and Z are vector fields onM . They are multi-linear differential operators, i.e.,
T (fX, Y ) = T (X, fY ) = fT (X, Y ), (4.22)
R(fX, Y )Z = R(X, fY )Z = R(X, Y )fZ = fR(X, Y )Z, (4.23)
where f ∈ C∞(M). The connection is torsion-free if T (X, Y ) = 0 for all X, Y ∈ X(M), that is
∇XY −∇YX = [X, Y ]. Then one can easily show that
R(X, Y )Z +R(Y, Z)X +R(Z,X)Y = [X, [Y, Z]] + [Y, [Z,X ]] + [Z, [X, Y ]] (4.24)
for anyX, Y, Z ∈ X(M). In our case, Eqs. (4.22) and (4.23) imply that T (Va, Vb) = λ2T (Ea, Eb) and
R(Va, Vb)Vc = λ
3R(Ea, Eb)Ec. In particular, after imposing the torsion free condition, T (Ea, Eb) =
0, Eq. (4.24) gives us the relation [14]
R(E[a, Eb)Ec] = λ
−3R(V[a, Vb)Vc] = λ
−3[V[a, [Vb, Vc]]] (4.25)
where the symbol [· · · ] denotes the cyclic permutation of indices inside of it.
Since the set of vector fields in (4.14) arises at a commutative limit, |θ| → 0, of the generalized
vector fields (4.12), Eqs. (4.10) and (4.11) give rise to the following correspondence, respectively,
D̂[aF̂bc] = 0
|θ|→0
===⇒ [V[a, [Vb, Vc]]] = 0, (4.26)
D̂bF̂ab = 0
|θ|→0
===⇒ [Vb, [Va, Vb]] = 0. (4.27)
Consequently, Eq. (4.25) shows [14, 5] that the Bianchi identity (4.26) for NC U(1) gauge fields in
the commutative limit is equivalent to the first Bianchi identity for the Riemann curvature tensors,
i.e.,
D̂[aF̂bc] = 0
|θ|→0
===⇒ R(E[a, Eb)Ec] = 0. (4.28)
The underlying argument leading to the result (4.28) implies that the correspondence will be true for
general cases beyond a Ka¨hler geometry as far as a fundamental algebra is associative, e.g. (3.42).
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The mission for the equations of motion (4.27) is more involved. But, from the experience on the
Bianchi identity (4.28), we basically expect that it will be reduced to the Einstein equations
D̂bF̂ab = 0
|θ|→0
===⇒ Rab = 8πG
(
Tab − 1
2
δabT
)
. (4.29)
Now we will show that the correspondence for the Einstein equations (4.29) is true at least for Ka¨hler
manifolds.
In the commutative limit, the right-hand side of Eq. (4.27) can be written as
Vcgcab − gcadgcdb = 0 (4.30)
using the structure equation (4.15). Contracting free indices in (4.30) and using Eq. (4.18) leads to
the relation
V 2c lnλ = −
1
2
gcabgcba. (4.31)
After a little algebra, one can show [14, 5] that
− 1
2λ2
(
Vcgcab + Vcgcba − gcadgcdb − gcbdgcda
)
(4.32)
= Rab − 1
λ2
(4− d
2
(VaVb + VbVa) lnλ− δabV 2c lnλ+ (d− 2)Va lnλVb lnλ− (d− 4)δab
(
Vc lnλ
)2
+
d− 4
2
(
gacb + gbca
)
Vc lnλ− 1
2
(
gcadgcdb + gcdagcbd + gacdgbdc + gacdgbcd
)
+
1
4
gcdagcdb
)
,
where d = 2n. Since the first line in Eq. (4.32) has to vanish according to the equations of motion
(4.30), we get the Einstein equations as the form (4.29). The remaining problem is to identify the
energy-momentum tensor Tab determined by NC U(1) gauge fields. One may notice that Tab can be
written as the products of the structure function gabc after using Eqs. (4.18) and (4.31) except the term
(VaVb + VbVa) lnλ.
In four dimensions (d = 4), several terms in Tab vanish and the Einstein equations are given by
Rab = − 1
2λ2
(
gcadgcdb + gcdagcbd + gacdgbdc + gacdgbcd − 1
2
gcdagcdb − gcacgdbd − δabgcdegced
)
, (4.33)
where Eqs. (4.18) and (4.31) were used. In order to understand the energy-momentum tensor, it is
convenient to take the canonical decomposition of the structure equation (4.15) as
gabc = g
(+)i
c η
i
ab + g
(−)i
c η
i
ab. (4.34)
Then the energy-momentum tensor Tab is given by a remarkably simple but cryptic result [5, 14]
Rab = − 1
λ2
(
g
(+)i
d g
(−)j
d (η
i
acη
j
bc + η
i
bcη
j
ac)− g(+)ic g(−)jd (ηiacηjbd + ηibcηjad)
)
. (4.35)
Note that the first combination on the right-hand side of Eq. (4.35) must be traceless because of
ηiabη
j
ab = 0 while the second is not. Therefore, one can see that the energy-momentum tensor induced
by NC U(1) gauge fields surprisingly gives rise to a nontrivial Ricci scalar given by
R =
2
λ2
g
(+)i
b g
(−)j
c η
i
abη
j
ac (4.36)
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although we have started with a pure NC U(1) gauge theory without any other fields. On the one
hand, the first combination that gives rise to a traceless energy-momentum tensor can be written as
the form
8πGT
(M)
ab ≡ −
1
λ2
(
gacdgbcd − 1
4
δabgcdegcde
)
. (4.37)
On the other hand, the second combination that gives rise to the nontrivial Ricci scalar (4.36) takes
the form
8πGT
(L)
ab ≡
1
2λ2
(
ρaρb −ΨaΨb − 1
2
δab(ρ
2
c −Ψ2c)
)
(4.38)
in terms of the variables defined by
ρa ≡ gbab = −
(
g
(+)i
b η
i
ab + g
(−)i
b η
i
ab
)
,
Ψa ≡ −12εabcdgbcd = −
(
g
(+)i
b η
i
ab − g(−)ib ηiab
)
.
(4.39)
The Ricci scalar (4.36) is then given by
R =
1
2λ2
(ρ2a −Ψ2a). (4.40)
A close inspection of the energy-momentum tensors reveals many intriguing results. First, note
that the relation (3.18) indicates the following map ρ : Aθ → D:
F̂ab
|θ|→0
===⇒ [Va, Vb] = −gabcVc. (4.41)
Hence the commutative limit of NC U(1) instantons obeying the self-duality equations (3.22) in four
dimensions is equivalently stated as{
g
(+)i
a = 0, anti-self-dual;
g
(−)i
a = 0, self-dual
(4.42)
for all a, i. In this case, Rab = 0 according to Eq. (4.35). Therefore NC U(1) instantons generate
no energy-momentum tensor as expected. This means that the commutative limit of NC U(1) instan-
tons called symplectic U(1) instantons corresponds to Ricci-flat four-manifolds. If we restrict NC
U(1) gauge fields to those arising from the quantization of a local Ka¨hler form in the sense of (3.7),
symplectic U(1) instantons must be gravitational instantons because a Ricci-flat, Ka¨hler manifold is
a gravitational instanton. Therefore we confirm the picture (3.26). One may use a natural norm in the
vector space X(M), (Va ◦ Vb) = λ2(Ea ◦ Eb) = λ2δab, to define a corresponding operation in the
algebra Aθ. It was argued in [14, 5] that the energy-momentum tensor (4.37) can be mapped to that
of ordinary Maxwell theory by simply interpreting the norm in the vector space X(M) as the product
of Weyl symbols of operators in Aθ. If so, we see that the zero-dimensional matrix model (3.41) in
the NC Coulomb branch is mapped in the commutative limit to Einstein-Maxwell theory coupled to
a mystical energy-momentum tensor (4.38). One may decouple the energy-momentum tensor (4.38)
by considering field configurations satisfying the relation, ρa = ±Ψa, which can be written as{
ρa = +Ψa ⇒ ηiabg(−)ib = 0,
ρa = −Ψa ⇒ ηiabg(+)ib = 0.
(4.43)
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In this case, the energy-momentum tensor (4.38) as well as the Ricci scalar (4.40) identically vanishes
but the Maxwell energy-momentum tensor (4.37) is nontrivial. Thus the solution satisfying Eq. (4.43)
describes a scalar-flat Ka¨hler manifold in Einstein-Maxwell theory whose general solutions with a
U(1) isometry have been constructed in [40] (see also [41]). However, it seems to be difficult to write
down Eq. (4.43) as a local form in terms of symplectic U(1) gauge fields [42].
Now we are ready to discuss how the cosmological constant problem can be resolved in emergent
gravity. First of all, it should be instructive to trace the metric (4.19) out to see where the flat space
R2n comes from. Definitely the flat space corresponds to the vector field Va = δ
µ
a
∂
∂xµ
for which
λ2 = 1. It is easy to see that the flat space arises from the vacuum gauge fields 〈φa〉vac = pa, defining
the NC Coulomb branch in Eq. (4.2). In this case, the automorphism (3.45) precisely corresponds
to the Poincare´ symmetry of R2n because the Coulomb branch vacua connected by (3.45) equally
generate the flat space. It means that the vacuum algebra generating the flat space R2n is not unique
but degenerate up to the automorphism (3.45). Therefore the NC Coulomb branch (4.2) does not
break the Poincare´ symmetry. Rather it is emergent from the symmetry (3.45) of the underlying
matrix model. It should be appreciated by recalling that the Ka¨hler form of R2n is given by the two-
formB in Eq. (2.7). Thus the gauge theory formulation of Ka¨hler geometry clearly illuminates why it
is necessary to have a vacuum condensate in order to generate even a flat space. As we pointed out in
Eq. (4.4), the NC Coulomb branch (4.2) actually generates a huge vacuum energy of order ρvac ∼ M4P
since the Planck energyMP is the natural dynamical scale for the generation of space(time). However
the vacuum energy is simply used to generate a flat space from nothing and does not contribute to the
energy-momentum tensor as one can see from Eq. (4.32). This property is a general feature in
emergent gravity. As we pointed out in section 3, the derivation D is inert for elements of the center
of the algebra Aθ denoted by Z(Aθ), i.e., for an observableO ∈ Aθ,
adO = adO+I (4.44)
if I ∈ Z(Aθ). And the vacuum energy belongs to the center Z(Aθ). Thus the emergent gravity is
completely immune from the vacuum energy. In other words, the vacuum energy does not gravitate
unlike to Einstein gravity. This is an underlying logic why the emergent gravity can resolve the
cosmological constant problem [14].
Since the energy-momentum tensor (4.38) contributes a nontrivial Ricci scalar to a Ka¨hler mani-
fold, it will be interesting to understand under what circumstances this plays an important role. It is
naturally expected that its scalar component dominates at large distance scales. In Lorentzian space-
time, this scalar mode will cause an expansion or contraction of spacetime while quadruple (sym-
metric and traceless) modes generate a shear distortion. Therefore it is more instructive to address
the issue in the Lorentzian spacetime. In order to get a corresponding result in (3+1)-dimensional
Lorentzian spacetime, let us take the analytic continuation defined by x4 = ix0. Under this Wick
rotation, gµν → gµν , ρµ → ρµ and Ψµ → iΨµ, the Liouville energy-momentum tensor and the Ricci
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scalar in the Lorentzian signature are given by
T (L)µν =
1
16πGλ2
(
ρµρν +ΨµΨν − 1
2
gµν(ρ
2
λ +Ψ
2
λ)
)
, (4.45)
R =
1
2λ2
gµν(ρµρν +ΨµΨν). (4.46)
Now ρµ and Ψµ are four-vectors and random fluctuations in nature. The Lorentzian four-vectors
have their own causal structure unlike the Riemannian case. Thus the Lorentzian spacetime is in
sharp contrast to the Riemannian space where every vectors are positive-definite. They are classified
into three classes: space-like, time-like, and null vectors for which the Ricci scalar (4.46) becomes
positive, negative and zero, respectively. Hence their causal structure results in the different nature
of gravitational interactions. Indeed it can be shown [8] that space-like fluctuations give rise to the
repulsive gravitational force while time-like fluctuations generate the attractive gravitational force.
When considering the fact that the fluctuations are random in nature and we are living in the (3+1)-
dimensional spacetime, the ratio of the repulsive and attractive components will end in 3
4
: 1
4
= 75 : 25
and this ratio curiously coincides with the dark composition of our current Universe. It was argued
in [8] that the emergent gravity can explain the dark sector of our Universe more precisely if one
includes ordinary matters which act as the attractive force.
Thus we see that dark energy and dark matter would not be understood by simply modifying the
general relativity and quantum field theories. Another novel paradigm, a.k.a. quantum gravity, is
necessary to understand the nature of dark energy and dark matter. After some contemplation, we are
driven to a conclusion that the background-independent formulation of quantum gravity through the
concept of emergent spacetime is a core reason why the matrix model provides a novel perspective to
resolve the notorious problems in theoretical physics such as the cosmological constant problem, dark
energy, and dark matter. Since the matrix model (3.41) is a zero-dimensional theory, any concept of
space (and time) is not assumed in advance. Only matrices (as objects) in AN and their relationships
(as morphisms) are at the first onset. The coherent vacuum (4.2) obeying the Heisenberg algebra is a
crucial ingredient for a macroscopically extended spacetime to be emergent from nothing. (We will
use spacetime as an abuse of the terminology since we will shortly discuss the concept of emergent
time.) The spacetime vacuum in the NC Coulomb branch generates a constant vacuum energy (4.4)
whose characteristic dynamical scale is set by the Planck energy MP ∼ 1018 GeV. Therefore the
vacuum spacetime (as a stage for fluctuations over there) behaves like a metrical elasticity which op-
poses the curving of space. On the one hand, the gravitational force (as fluctuations over the vacuum
spacetime) will be extremely weak because the tension of spacetime is extremely large, typically, of
the Planck energy and so the space strongly withstands the curving. Consequently, the dynamical ori-
gin of flat spacetime explains the metrical elasticity opposing the curving of space and the stunning
weakness of gravitational force [34]. Furthermore, as we argued around Eq. (4.44), the emergent
spacetime implies that the global Lorentz symmetry, being an isometry of flat spacetime, should be a
perfect symmetry up to the Planck scale because the flat spacetime was originated from the conden-
sation of the maximum energy in Nature. On the other hand, the vacuum algebra in the NC Coulomb
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branch (4.2) is mathematically the same as the Heisenberg algebra (1.1) in quantum mechanics. So
there exists the spacetime uncertainty relation (1.5) like as the Heisenberg’s uncertainty relation in
quantum mechanics. This implies that fluctuations of large N matrices or NC U(1) gauge fields are
not necessarily localized and some fluctuations can be extended to macroscopic scales. This phe-
nomenon is known as the UV/IR mixing or holography principle. In other words, the NC Coulomb
branch (4.2) satisfying the Heisenberg algebra necessarily gives rise to the UV/IR mixing as a result
of the spacetime uncertainty relation (1.5) and UV fluctuations at microscopic levels are necessarily
paired with IR fluctuations at macroscopic levels. It was argued in [8] that the UV/IR mixing is one
of cruxes to understand the nature of dark energy and dark matter from the emergent spacetime pic-
ture. These macroscopic manifestations of quantum gravity effects would be the cornerstone for the
experimental verification of quantum gravity.
Let us also discuss how the zero-dimensional matrix model (3.41) describes six-dimensional
Ka¨hler manifolds in classical limit. One can read off the Einstein equations in six dimensions (d = 6)
from Eq. (4.32), which are given by
Rab =
1
λ2
(
− (VaVb + VbVa) lnλ+ 4Va lnλVb lnλ+
(
gacb + gbca
)
Vc lnλ− δabV 2c lnλ
−2δab
(
Vc lnλ
)2 − 1
2
(
gcadgcdb + gcdagcbd + gacdgbdc + gacdgbcd
)
+
1
4
gcdagcdb
)
. (4.47)
Then one can read off the energy-momentum tensor and the Ricci scalar from Eq. (4.47):
8πGTab =
1
λ2
(
− (VaVb + VbVa) lnλ+ 4Va lnλVb lnλ+
(
gacb + gbca
)
Vc lnλ
+
1
4
δabV
2
c lnλ− δab
(
Vc lnλ
)2 − 1
2
(
gcadgcdb + gcdagcbd + gacdgbdc + gacdgbcd
)
+
1
4
gcdagcdb +
1
16
δabgcdegcde
)
, (4.48)
R = − 1
λ2
(
5V 2a lnλ+ 4
(
Va lnλ
)2
+
1
4
gabcgabc
)
. (4.49)
In six dimensions, the energy-momentum tensor (4.48) is poorly understood, so let us focus on
the self-dual case (3.22). In the classical limit, the operator algebra describes the so-called symplec-
tic Hermitian U(1) instantons which are mapped using the correspondence (4.41) to the structure
equations
gab
e =
1
2
Tabcdgcd
e. (4.50)
After some algebra, the above equations can be translated into the relationship of SO(6) ∼= SU(4)
spin connections [27]:
ωeab =
1
2
Tabcdω
e
cd. (4.51)
This means that the spin connections derived from symplectic Hermitian U(1) instantons must take
values in su(3) Lie algebra. This result leads to the conclusion that symplectic Hermitian U(1) in-
stantons correspond to Calabi-Yau manifolds because the latter is the Ka¨hler manifolds with SU(3)
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holonomy. However it is nontrivial to show the Ricci-flatness of symplectic Hermitian U(1) instan-
tons directly from the expression (4.47). Actually it is necessary to take several technical steps to
show Rab = 0 directly using Eq. (4.50). In particular, it is required to use the gauge degree of
freedom in (4.13). In the four-dimensional case, ’t Hooft symbols provide a useful decomposition
(4.34) of antisymmetric tangent indices into SU(2)L and SU(2)R parts [43]. Similarly, the six-
dimensional ’t Hooft symbols found in [44] will provide a convenient decomposition of antisymmetric
SO(6) ∼= SU(4) indices into SU(3), CP3 = SU(4)/U(3) and U(1) parts. Using this decomposition,
one may get some useful information about the energy-momentum tensor (4.48). This result will be
reported elsewhere.
5 Discussion
So far we have considered only symplectic manifolds associated with Ka¨hler manifolds in Euclidean
space and have derived a zero-dimensional IKKT-type matrix model (4.41) as a Hilbert space repre-
sentation of quantized Ka¨hler manifolds. There are several directions for the generalizations beyond
Ka¨hler manifolds. First of all, it is desirable to understand Lorentzian manifolds as a dynamical space-
time in general relativity. For this purpose, we need to introduce the concept of (emergent) time which
is a notorious issue in quantum gravity. We will be simple-minded to avoid some subtle issues about
the emergent time. We will argue that the quantization of Lorentzian manifolds is described by the
BFSS-type matrix model. As another generalizations, on the one hand, one may relax the symplectic
condition on the existence of a nondegenerate, closed two-form B onN . Since a symplectic manifold
is a Poisson manifold (N, θ) with a nondegenerate bi-vector field θ ∈ Γ(Λ2TN), one may consider a
Poisson manifold (N, θ) with a general Poisson bi-vector field θ ∈ Γ(Λ2TN) which could be degen-
erate on a subspace in N . For example, the Poisson structure θab(x) = lsf
ab
cx
c (a, b, c = 1, · · · , r)
becomes degenerate at the origin. In this case, a vacuum algebra is given by a Lie algebra
[xa, xb] = ilsf
ab
cx
c. (5.1)
It can be shown that the Lie algebra vacuum (5.1) arises in a massive matrix model. On the other
hand, one may relax the closedness condition on the existence of the symplectic two-form B on N .
An important example is locally conformal symplectic (LCS) manifolds [45, 46]. An LCS manifold
is a triple (N,B, b) where b is a closed one-form and B is a nondegenerate (but not closed) two-form
satisfying
dB = b ∧B. (5.2)
It was shown in [7] that cosmic inflation is realized as an LCS manifold and it arises as a time-
dependent vacuum in the BFSS-type matrix model.
The theory of relativity dictates that space and time must be coalesced into the form of Minkowski
spacetime in a locally inertial frame. Hence, if general relativity is realized from a NC algebra, it is
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necessary to put space and time on an equal footing in the NC algebra. If space is emergent, so
should time. Thus, an important problem is how to realize the emergence of time from the algebraic
approach. Quantum mechanics offers us a valuable lesson that the definition of (particle) time is
strictly connected with the problem of dynamics called an evolution of a system. To appreciate such
an evolution of a system, first observe that the matrix model (3.41) allows infinitely many (probably
uncountably many) solutions since arbitrary deformations of the Heisenberg vacuum in Eq. (4.3) are
again solutions as far as they satisfy (4.7). Therefore one may parameterize the deformations as a
one-parameter family according to the matrix automorphism (3.44):
A(t) ≡ Ψ(A) = UtAU−1t (5.3)
where t is a real affine parameter. If Ut = e
iHt and H ∈ AN , the infinitesimal change for 0 < t≪ 1
is given by
dA(t)
dt
= i[H,A]. (5.4)
This implies that the t-evolution (5.3) can be understood as an another inner automorphism of the
matrix algebraAN . Thus the inner automorphism generated by Uc in Eq. (4.5) may be generalized as
UC = exp
(
ic0H − icaΦa
) ∈ AN . (5.5)
As we have learned from quantum mechanics, the time-evolution of a dynamical system is more
general when the system is open and interacting with environments. In this case, the time-evolution
is generated by outer as well as inner automorphisms. Thus the t-evolution (5.3) must be replaced by
dA(t)
dt
= i[H,A] +
∂A
∂t
=
( ∂
∂t
+ adA0
)
A (5.6)
where A0 ≡ −H ∈ AN . One may rewrite Eq. (5.6) as
dA(t)
dt
= adΦ0A = −i[Φ0, A] ≡ D0A (5.7)
by regarding Φ0 ≡ i ∂∂t + A0 as a differential operator satisfying the Leibniz rule. Let us represent an
element in the general automorphism of AN including the outer automorphism in Eq. (5.6) by
U tC = exp
(− iCAΦA) ∈ Aut(AtN), (5.8)
where ΦA = (Φ0,Φa) and AtN denotes the set of time-dependent N ×N matrices.
It may be obvious how to generalize the zero-dimensional matrix model (3.41) to time-dependent
matrices in AtN . Since we want to treat the generators ΦA = (Φ0,Φa) in Aut(AtN) on an equal
footing, we take the time-dependent matrix action for AtN as
S =
1
4g21
∫
dtTrNη
ACηBD[ΦA,ΦB][ΦC ,ΦD]
=
1
g21
∫
dtTrN
(1
2
(D0Φa)
2 +
1
4
[Φa,Φb]
2
)
(5.9)
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where g1 is a corresponding coupling constant and η
AB = diag(−1, 1, · · · , 1).8 This kind of one-
dimensional matrix model has been suggested as a nonperturbative formulation of M-theory in an
infinite-momentum or light-cone frame [47]. The equations of motion are given by
−D20Φa + [Φb, [Φa,Φb]] = 0, (5.10)
which must be supplemented with the Gauss constraint
[Φa, D0Φa] = 0. (5.11)
In the large N → ∞ limit, the NC Coulomb branch is still a consistent vacuum satisfying (5.10)
and (5.11). Plugging the fluctuations (4.3) into the action (5.9) leads to the action of (2n + 1)-
dimensional NC U(1) gauge fields given by
S = − 1
4g2YM
∫
d2n+1XF̂ABF̂
AB, (5.12)
where XA = (t, ya), A = 0, 1, · · · , 2n and F̂AB = ∂AÂB − ∂BÂA − i[ÂA, ÂB] is the field strength
of NC U(1) gauge fields ÂA = (Â0, Âa). Denote the underlying NC algebra by Atθ. One can apply
the Lie algebra homomorphism ρt : Atθ → Dt to time-dependent gauge fields in Atθ to derive an
emergent Lorentzian spacetime. It can be shown [9] that the Lorentzian spacetime emergent from
AtN or Atθ is asymptotically (locally) flat, i.e., locally approaches to the vacuum spacetime R2n,1
at asymptotic infinities. It turns out that the global automorphism in footnote 8 corresponds to the
Poincare´ symmetry of Minkowski spacetime R2n,1.
Unfortunately it is difficult to realize, for instance, (3 + 1)-dimensional spacetime from the ma-
trix model (5.9) by considering the NC Coulomb branch satisfying the Heisenberg algebra (4.2). In
section 4, we have obtained the (3 + 1)-dimensional Lorentzian spacetime by applying the analytic
continuation x4 = it to a Riemannian manifold derived from the zero-dimensional matrix model. We
do not think that the analytic continuation to the Lorentzian signature is a big deal so that it invali-
dates the argument about dark energy and dark matter. Nevertheless, it should be desirable to find a
matrix model description of our Universe directly starting with the matrix model (5.9). Or one may
make a detour by considering a contact structure instead of symplectic structure. For example, one
may introduce the analytic continuation t = −iy2n+1 and a contact structure along y2n+1-direction to
realize (2n+1)-dimensional Riemannian manifolds from the matrix model (5.9) in the NC Coulomb
branch satisfying the Heisenberg algebra (4.2). Similarly, the contact structure can be used to formu-
late even- and odd-dimensional Lorentzian manifolds from an underlying matrix model. In particular,
8The reason why time direction appears with an opposite norm to spatial ones is to keep both the kinetic term in the
action and the Hamiltonian H = 1
2
(D0Φa)
2 − 1
4
[Φa,Φb]
2 positive definite. Moreover it seems to be natural if time
evolution is still well-defined under the global automorphism ΦA → LABΦB + CA. Contrary to the Euclidean case
(3.45), it is not possible to completely interchange spatial and time directions using the automorphismwith the Lorentzian
signature.
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even-dimensional Lorentzian manifolds like our Universe may be derived from a (1+1)-dimensional
matrix model by using two (spatial and temporal) contact structures [9].
It is easy to show that the Lie algebra (5.1) cannot be realized as a vacuum solution in the matrix
model (3.41) or (5.9) because [xb, [xa, xb]] = −l2sxa for a simple Lie algebra.9 It suggests that the
matrix model has to contain a mass term 1
2
m2ΦaΦa to realize such a Lie algebra vacuum. In this case
the equations of motion are replaced by
[Φb, [Φa,Φb]] +m
2Φa = 0. (5.13)
One can check that the vacuum
〈Φa〉vac = m
ls
xa (5.14)
satisfies the above equations of motion. Since the vacuummoduli (5.14) satisfy a compact Lie algebra,
the vacuummanifold derived from them is in general a compact manifold. For example, if they satisfy
the so(3) or su(2) Lie algebra, the corresponding vacuum manifold is a fuzzy sphere for a large but
finite k-dimensional representation [48, 49]. Thus the Riemannian manifold emergent from vacuum
matrices may have a non-vanishing Ricci scalar R of order ∼ m2. If the vacuum satisfies a semi-
simple Lie algebra, the corresponding vacuum manifold will be given by a direct product of compact
manifolds for simple elements.
It is well-known [50] that the Lie algebra generators for a simple Lie algebra can be represented
by quadratic forms in terms of creation/annihilation operators in the Heisenberg algebra (3.36). It is
known as the Schwinger representation. For instance, the Schwinger representation of Lie algebra
generators for G = SU(n) is given by
xa = a†iT
a
ijaj, i, j = 1, · · · , n, a = 1, · · · , r (5.15)
where r = dim(G) = n2 − 1 and T a’s are constant n × n Hermitian matrices satisfying the su(n)
Lie algebra, [T a, T b] = ifabcT
c. Thus the Lie algebra generators (5.15) are composite operators
like as the angular momentum operators in quantum mechanics. A notable point is that the angular
momentum operators in quantum mechanics arise as symmetry operators of hydrogen atom rather
than fundamental dynamical variables. Similarly the su(n) generators in (5.15) may also arise as
low-energy order parameters of a topological object such as NC U(1) instantons in (3.26). It was
argued in [6] that SU(n) gauge fields for n = 2, 3 in Standard Model may arise in this way if a
six-dimensional internal space is made of a Calabi-Yau n-fold or equivalently NC U(1) instantons are
formed along the six-dimensional NC internal space according to the duality (3.26). Of course, this
problem immediately accompanies an important question: How to realize quarks and leptons in this
context? This problem eventually points to the issue of emergent quantum mechanics addressed in
section 1.
9One may notice that there is a time-dependent vacuum given by Φa =
m
ls
xa sin(mt + α), which obeys both (5.10)
and (5.11). We restrict the vacuum to a stable, time-independent solution.
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As we pointed out in section 1, the NC space (1.2) is mathematically equivalent to the NC phase
space (1.1). Therefore the underlying math will be the same for both spaces. The Liouville theorem in
classical mechanics states that the volume of phase space occupied by particles is invariant under time
evolution for divergenceless Hamiltonian flows. This is almost true for the vector field X satisfying
Eq. (2.15), i.e., LXB = F . One can see thatX becomes a Hamiltonian vector field at spatial infinities
because F = 0 there. This implies that the flow generated byX leads to only local changes of spatial
volume while it preserves the volume element at asymptotic regions. Hence the time evolution or
flow generated by the vector field X cannot produce an inflating spacetime since cosmic inflation is
the exponential expansion of space everywhere. It is the reason why it is necessary to go beyond a
symplectic manifold to generate the cosmic inflation from the emergent gravity approach. Suppose
that a manifold (N,B) allows a vector field X satisfying
LXB = κB (5.16)
where κ ∈ R∗ is a nonzero real number. Such a vector field is called a conformal vector field and
the LCS manifold (N,B, b) defined by (5.2) admits the conformal vector fields [46]. In this case, the
flow φt generated by a conformal vector field has the property Bt ≡ φ∗tB = eκtB. Then one can
see that the cosmic inflation occurs since the spatial volume is proportional to Bnt = e
nκtBn. It was
shown in [9] that the cosmic inflation is triggered by the condensate of Planck energy into vacuum
and the inflationary universe arises as a time-dependent solution of the matrix model (5.9) without
introducing any inflaton field as well as an ad hoc inflation potential. The emergent spacetime picture
admits a background-independent formulation so that the inflation is responsible for the dynamical
emergence of spacetime described by a conformal Hamiltonian system.
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